Abstract-Hybrid analog-digital beamforming has been shown to reduce hardware cost and power consumption in massive MIMO systems, at the expense of increased radiated power for given performance targets. To alleviate the above shortfall, in this paper we exploit the concept of constructive interference (CI) that has been shown to offer significant radiated power savings in fully-digital multi-user downlink MIMO systems. We explore analog beamforming design, and develop solutions specifically tailored for CI-based hybrid beamforming. We also evaluate the performance of the presented techniques and their computational complexities using simulation results.
I. INTRODUCTION
The hybrid analog-digital beamforming [1] [2] [3] [4] [5] [6] has become popular in recent years as a judicious approach of making massive MIMO system practical and economical for the upcoming 5G networks [7, 8] . Unlike the conventional fullydigital beamforming (fully-DBF) [9, 10] , which requires a dedicated radio frequency (RF) chain for each antenna, the hybrid beamforming can be realized using a fewer number of RF chains compared to the number of antennas. Even though hybrid beamforming substantially reduces the hardware cost and the power consumption associated with the RF electronic circuits, inadvertently it increases the transmitted (radiated) power to achieve the same performance as that of the conventional fully-DBF. Therefore, techniques to improve the power efficiency are even more critical in hybrid beamforming based wireless networks than in the conventional networks. One such approach to improve the power efficiency in the system is the constructive interference (CI) technique [11] [12] [13] [14] [15] . In the CI technique, the signals produced by all transmit beamformers are aligned at the user terminals such that the resultant signals lie in the desired region of the corresponding transit symbols in the constellation diagram (see Section III for the precise definition of the desired region).
In general, optimal design of analog and digital beamformers in hybrid beamforming is a non-convex problem and difficult to solve. A common approach to design hybrid beamformers is to decompose the problem into two parts, where the analog beamformers (ABFs) are designed in the first part and then, for the fixed ABFs, the optimal digital beamformers (DBFs) are designed [2] [3] [4] 16] . In this paper, our objective is to evaluate the performance of different ABF design techniques in a CI based hybrid beamforming system. We consider both continuous-valued and codebook-based ABF design techniques. For the codebook-based ABF design, we study two types of codebooks, namely, the discrete Fourier T be the transmit symbol vector at the BS, where the element s k denotes the symbol intended for the kth user. Each symbol is assumed to be drawn from an M -ary phase-shift keying (M -PSK) constellation. Without loss of generality, each symbol is assumed to be unit modulus, i.e.,
is applied to the transmit symbol s k and the resulting signals are fed to the R RF chains, for k ∈ K. Each RF chain is connected to all transmit antennas through analog phase shifters (PSs), having a constant magnitude a. Let a nr denote the value of the PS that connects the nth antenna to the rth RF chain, with a phase value ρ nr , i.e., a nr = a exp(jρ nr ) for n ∈ N , r ∈ R {1, . . . , R}. Then a r = [a 1r , . . . , a N r ] 
[h 1 , . . . ,h K ] denote the corresponding channel matrix. The complete channel state informationH is assumed to be known at the BS [17, 18] . The received signal y k at the kth user can be expressed as
where n k denotes the i.i.d. complex additive white Gaussian noise at the kth user, with zero mean and variance σ 2 k .
III. PROBLEM FORMULATION
As depicted in Fig. 2 , we define the desired region (in shaded blue) of a constellation point as the (continuous) set of points in the complex domain that are, a) closer to the corresponding constellation point than any other constellation points, and b) at least Γ distance apart from any of the decision boundaries of the corresponding constellation point [12, 19] . The parameter Γ is called as the threshold-margin. Note that, while Fig. 2 depicts examples of PSK modulations, the above concept also applies to generic constellation formats [20] . Let θ = π/M represent the angle between any constellation point and decision boundaries of the corresponding constellation point. Now, the problem of designing joint analogdigital beamformers, enforcing the CI at each user, can be formulated as a non-convex optimization problem (1), where γ k = Γ k / sin θ with Γ k indicating the threshold-margin of the kth user. In this problem the objective function (1a) minimizes the total transmit power, and the constraints in (1b) enforce the received signal at the kth user to lie in the desired region of the transmit symbol of the kth user. We remark that the thresholdmargin of the kth user Γ k in the above problem influences the symbol detection error rate, and hence determines the quality of service experienced by the kth user.
Following a process similar to the one in [12] for the DBF design, the problem (1) can be reformulated as an equivalent single-group multicast problem given by,
where the modified channel of the kth user h k is given by,
Note that, the transmit symbol s k is now incorporated into the modified channel h k . Consequently, the values of modified channel h k vary at every symbol interval. The optimal DBF b of problem (3) and the optimal DBFs d k of problem (1) are related as
The above joint analog-digital beamforming problem is a nonconvex problem due to a) non-convex domain of the ABF elements a nr , b) the bi-linear coupling of the ABF matrix A and the DBF b, and hard to solve optimally. Therefore, we adopt the successive optimization technique, and decompose the problem into two parts. Firstly, we design the ABF matrix, and then for the fixed ABF matrixÂ, the optimal DBF b is designed by solving following convex problem [12] :
In this paper our focus is to study different ABF matrix design techniques, and compare their performances and computational complexities.
IV. ANALOG BEAMFORMER DESIGN TECHNIQUES
Analog beamforming is employed in the RF domain on the output of the RF chains. As ABFs are realized using analog PSs, their elements have constant magnitude and differ only in their phase values. There are two types of ABFs that are generally used in hybrid beamforming systems, namely, continuous-valued ABFs and codebook-based ABFs [16, [21] [22] [23] . A continuous-valued ABF provides more degrees of freedom, as each of its elements can take any phase value between 0 and 2π. However, its realization requires expensive high resolution tunable phase shifters. On the other hand, in a codebook-based analog beamforming system, the ABFs are selected from a predefined codebook that is commonly realized in hardware with switchable spatial filter banks composed of inexpensive fixed phase shifters.
A. Continuous-valued ABF design
Conjugate Phase of Channel (CPC) method: When the number of RF chains R is same as the number of users K, a dedicated RF chain can be assigned to each user. Then the array gain between the kth user and a corresponding RF chain can be maximized by assigning the conjugate phase values of the channel vectorh k to the corresponding ABF a k [24] . Consequently, the (n, k)th element of the ABF matrix A can be expressed as,
where β n,k indicates the phase value of nth element of channel vectorh k . We remark that in this method the ABF matrix is designed based on the channel vectorh k , and hence it can be kept fixed as long as the channel vector remains the same.
B. Codebook-based ABF design
In the codebook based ABF design techniques, the ABFs are chosen from a predefined set C comprising L normalized ABFs, where L ≥ R. Let c ∈ C N denote the th element of set C, and C = [c 1 , . . . , c L ] ∈ C N ×L be the codebook matrix. All the elements of the codebook matrix C have a constant magnitude 1/ √ N , so that ||c || = 1. In the following, we discuss different techniques to choose R ABFs, one for each RF chain, from the codebook C to form the ABF matrix A.
1) Exhaustive search (ES) method:
Let A be the set of all N × R matrices, whose columns are obtained from set C, i.e., A = {A ∈ C N ×R |a r ∈ C, r ∈ R}.
The cardinality of set A, denoted by V = |A| = L! (L−R)!R! . In the ES method we compute for each ABF matrix A v ∈ A the corresponding optimal DBF b v by solving problem (5) and the corresponding transmit power P v = ||A v b v || 2 , for v ∈ V = {1, . . . , V }. Subsequently, the optimal ABF matrix A v and the DBF b v that result in the smallest transmit power P v are selected.
Even though the ES method yields the optimal solution for problem (3), its computational complexity grows exponentially with the codebook-size L and the number of RF chains R.
Moreover, both the ABFs and the DBFs are computed at each symbol interval. Therefore this method becomes impractical even for a moderately large system.
2) Margin widening and selection operator (MWASO): In this method, the objective is to jointly perform the following two tasks: 1) maximize the minimum margin between the received signals and the decision boundaries of the corresponding transmit symbols among all users, and 2) minimize the number of selected codes. The problem is formulated as a sparse regularized feasibility problem, given by
In the above problem, the real variable δ controls the minimum margin between the received signals and the corresponding decision boundaries of the transmit symbols among all users. The 1 -norm in the second term promotes sparsity in the selection vectorb [25, 26] . Moreover, it also controls the total transmit power. The weighting factor is a positive scalar. By appropriately choosing a value for (e.g., using bisection method), the vectorb can be adjusted to have exactly R nonzero elements. Note that, in the above problem the left hand side of constraint (8b), which represents the true margin, is bounded by δ instead of zero in order to enable the problem to achieve any desired sparsity on vectorb. Subsequently, the columns of codebook matrix C that corresponds to the non-zero elements ofb are selected as ABFs. We remark that in this method the ABFs are designed based on the effective channel h k , which incorporates the transmit symbols, and therefore the ABF matrix must be redesigned at every symbol interval.
3) Best matching code selection (BMCS) method: In this method, for each user the ABF from the codebook C that maximizes the inner product with its channel vector is selected. To avoid selecting the same ABF multiple times, the selected ABF is removed from the codebook before selecting an ABF for the next user. The method is summarized in Alg. 1. Similar to the CPC method, this method designs the ABF matrix independent of the transmit symbol vector s, and hence the ABF matrix can be kept fixed as long as the channel remains constant. In this section we compare the performance of all presented ABF design techniques. We also compare their performance with that of the conventional optimal fully-DBF 1 and optimal antenna selection (OAS) method 2 [9, 10] . For the simulation we employ the geometric channel model [24, 27] . The results are averaged over 5000 Monte-Carlo iterations. Fig. 3 compares the transmit power required by the presented codebook-based ABF design techniques, when we employ a) the orthonormal DFT matrix based codebook, and b) the normalized random phase constant modulus codebook. We consider a system with N = 16 transmit antennas, K = 2 users, codebook-size L = 16. In the figure we notice that the DFT codebook results in a lower transmit power when compared to the random codebook, for all three codebookbased ABF design techniques. Fig. 4 compares the transmit powers (in dB) of various ABF design techniques over a range of threshold-margin Γ (at each user) for the above mentioned system. The DFT codebook is employed for the codebook-based ABF design methods. In the figure, we notice that the transmit power of the continuous-valued CPC method is very close to that of the optimal fully-DBF method in comparison with the transmit powers of the codebook-based ABF design methods. Table I shows that the computation time of the CPC method is lowest among all ABF techniques. From Fig. 4 and Table I we also infer that the codebook-based MWASO method achieves a performance close to that of the optimal ES method, with a significantly reduced computational complexity. The BMCS method is computationally very efficient when compared to the ES method and MWASO method, however, it results in substantially increased transmit power. 
VI. CONCLUSION
We have considered the multi-user downlink massive MIMO system with the BS equipped with hybrid analogdigital beamforming architecture, employing the CI based hybrid beamforming. The hybrid beamforming problem is decomposed into two parts: ABFs design and DBFs design. We have presented different ABF design techniques, and evaluated their performance in terms of required transmit power to meet a given quality of service requirement, as well as, computation time. We have also evaluated the effect of codebook selection on the performance of these techniques. 1 When all N antennas are employed and each antenna has a dedicated RF chain. 2 For every subset of R antennas, the optimal DBF is computed and then the subset of antennas that yields the smallest transmit power is selected. 3 The ES and OAS methods become computationally impractical for this system-size, and hence they are excluded in the simulation. 
